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Chapter 1 

Introduction and Notation 



The Catalogue of Spacetimes is a collection of four-dimensional Lorentzian spacetimes in the 
context of the General Theory of Relativity (GR). The aim of the catalogue is to give a quick 
reference for students who need some basic facts of the most well-known spacetimes in GR. For 
a detailed discussion of a metric, the reader is referred to the standard literature or the original 
articles. An important resource for exact solutions is the book by Stephani et al[SKM^03]. 
Some of the metrics in this catalogue are implemented in the Motion4D-library[MG09] and can 
be visualized using the Geodesic Viewer [MG]. 

1.1 General remarks 

The Einstein field equation in the most general form reads [MTW73] 

Gf^v = xTi^v -^gliv, K^^^, (1.1.1) 

with the Einstein tensor G^v = Riiv — iRgiivt the Ricci tensor R^v, the Ricci scalar R, the metric ten- 
sor g^y, the energy-momentum tensor T^y, the cosmological constant A, Newton's gravitational 
constant G, and the speed of light c. 

A solution to the field equation is given by the line element 

ds^ = g^ydx^'dx" (1.1.2) 

with the symmetric, covariant metric tensor The contravariant metric tensor g^"^ is related to 
the covariant tensor via g^vg^^ ~ 8^ with the Kronecker-5. Even though g^^ is only a component 
of the metric tensor g = g^ydx^ ® dx^, we will call as the metric tensor. 

Note that, in this catalogue, we use the convention that the signature of the metric is +2. In 
general, we will also keep the physical constants c and G within the metrics. 



1.2 Basic objects of a metric 



The basic objects of a metric are the Christoffel symbols, the Riemann and Ricci tensors as well as 
the Ricci and Kretschman scalars which are defined as follows: 

Christoffel symbols of the first kind:^ 

TvA/j = 2 {8^lv.x +g^l.v-gvl.^i) (1.2.1) 
with the relation 

gvX.^ = '^^vl+'^^Xv (1.2.2) 



^The notation of the Christoffel symbols of the first kind differs from the notation used by Rindler[Rin01]. 
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Christoffel symbols of the second kind: 

= 1^8^'' i8pv,l +8pl,v-8vl,p) (1-2.3) 
which are related to the Christoffel symbols of the first kind via 

Riemann tensor: 

^ vpa ~ ^ vcT.p ^ vp.fj I ^ p;L vcT ^ crA vp V^-^— 

or 

R^vpa = SfiXR^vpa = ^vaii.p — ^vpii.a + ^vp^ iiak ^^vo^ iiaX (1.2.6) 

with symmetries 

Rjivpa = ^Rlivap, Rfivpa = ^Rvfipa-, Rp.vpa = Rpafiv (1.2.7) 

and 

^^Vp<T +^/jp(JV +^/J(JVp = (1.2.8) 

Ricci tensor: 

^Mv=^Vv (1-2.9) 
Ricci and Kretschman scalar: 

^ = 7?% , ^ = RaprsR""'' = R''apR"^5 (1-2-10) 
Weyl tensor: 

C^vpa = R^lvpa - 2 {8^lpRa]v-8vlpRa]^i) + -^Rgti[pga]v (1.2.11) 

Symmetrization and Antisymmetrization brackets: 

a{^by) = ]^[a^bv + avbp) , a^^by^^^^icip^bv - a^bp) (1.2.12) 
Covariant derivative 

Covariant derivative of the vector field i^'': 

Vv V/^ = v//t = d^W^+ T^^^ (1-2.14) 
Covariant derivative of a r-s-tensor field: 

vy rpui...ar D rpcn...ar , T^"! T^rf. ..a,- , , r^Ur xai-.-flr-K' 

^c-f bi...bs-°<:^ b,...h,+'- dc^ b,...b, + ■■■+'- dc-^ 



bi...bs 



T^d -ra\...a,- T^d -ra\...aj- 

^ bic^ d...b, ■■■ ^ b,c^ bi...b,_id 



(1.2.15) 



1.3 Natural local tetrad and initial conditions for geodesies 

We will call a local tetrad natural if it is adapted to the symmetries or the coordinates of the space- 
time. The four base vectors e(,) =e^^^d^ are given with respect to coordinate directions 5 /^x'' =(9|,, 
compare Nakahara[Nak90] or Chandrasekhar[Cha06] for an introduction to the tetrad formalism. 
The inverse tetrad is given by 0''^ = with 

0«.|'.) = 5;;; and 0;1'''4)=5;. (1.3.1) 
Note that we us Latin indices in brackets for tetrads and Greek indices for coordinates. 
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1.3.1 Orthonormality condition 

To be applicable as a local reference frame (Minkowski frame), a local tetrad e(,) has to fulfill the 
orthonormality condition 



where '7(,)(y) = diag(— 1, 1,1,1). Thus, the line element of a metric can be written as 



(1.3.2) 



(1.3.3) 



To obtain a local tetrad e(,), we could first determine the dual tetrad 9^'^ via Eq. (1.3.3). If we 
combine all four dual tetrad vectors into one matrix ©, we only have to determine its inverse 0^ ' 
to find the tetrad vectors. 



fl(i) 

1 2 3 

^(2) „(2) „(2) 
^3 







,(2) 



,0 



^0 







-1 



^(0) ^(2) ^{3) 

^0) ^^1) ^^2) 

(0) ^(1) ^(2) ^(3) 

V^(0) ^(1) ^(2) ^(3)7 



There are also several useful relations 

nib) _ „{ci){b)^ „ O 



^(a)^('')M' 



(1.3.4) 



(1.3.5a) 
(1.3.5b) 



1.3.2 Ricci rotation-, connection-, and structure coefficients 

The Ricci rotation coefficients 'Y(i)[j)[k) with respect to the local tetrad e(,-) are defined by 



'(7) 



(1.3.6) 



They are antisymmetric in the first two indices, Y{i){j){k) ~ ^Y{j]{i){k)> which follows from the defi- 
nition, Eq. (1.3.6), and the relation 



= ^^7?(i)(;)=V^ 



where ^i^gp^ = 0, compare [Cha06]. Otherwise, we have 



7 {jm~(^^ e,,yye 



The contraction of the first and the last index is given by 

7(7) = ^'\j)(k) - ^7 7(0(7) W = -7(0)0-)(0) + 7(1)(;)(1) + 72)(7)(2) + 7(3)(;)(3) = ^ vC^y 

The connection coefficients 6^ ("]'(„) with respect to the local tetrad e(,) are defined by 



'^'-W — t^M ^(7r«^(»)-^M 



("') 

(7) 



«/3 (") 



(1.3.7) 

(1.3.8) 
(1.3.9) 

(1.3.10) 



compare Nakahara[Nak90]. They are related to the Ricci rotation coefficients via 

'ymjm = ^{i){m)(otk)ur (1.3.11) 

Furthermore, the local tetrad has a non-vanishing Lie-bracket [X, i']*' = X^d^Y^ — Y^d/jX^. Thus, 



[k) 



or 



^(0(7) 



(1.3.12) 



These structure coefficients are related to the connection coefficients or the Ricci rotation coeffi- 
cients via 



''m) ~ '^('■)(7) '^(7)(o 



{k){m) 



(7(m)(;)(0 - 7(m)«(7)) = (,■)(,•) " /'\,)(7) 



(1.3.13) 
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1.3.3 Riemann-, Ricci-, and Weyl-tensor with respect to a local tetrad 

The transformation between the coordinate representations of the Riemann-, Ricci-, and Weyl- 
tensors and their representation with respect to a local tetrad e(,) is given by 



(1.3.14a) 
(1.3.14b) 
(1.3.14c) 

(1.3.14d) 



1 . . R 

= R{a)(b)(c)(d)-:^ ~^W[W%)](n)) + 3%')[M^M]W- 

1.3.4 Null or timelike directions 

A null or timelike direction v ~ u'''e(,) with respect to a local tetrad e(,) can be written as 

V = ■u*'"e(o) + v/(sin;i^cos^ 6(1) + sinxsin^e(2) +cos;ife(3)) = -u'^'cfo) +n. (1.3.15) 

In the case of a null direction we have i// = 1 and i) = ± 1 . A timelike direction can be identified 
with an initial four-velocity u = cy{tQ + jSn), where 



u2 = (u,u)g = cV (e(o) +i3n,e(o) +/3n) = cV (-1 = -c"- 
Thus, = cjSy and i)'^ = icy. The sign of i)'^'^' determines the time direction. 



(1.3.16) 




Figure 1.1: Null or timelike direction v with respect to the local tetrad e(,). 
The transformations between a local direction d''^ and its coordinate representation read 

and uW = 0i'*u''. (1.3.17) 



1.3.5 Local tetrad for stationary axisymmetric spacetimes 

The line element of a stationary axisymmetric spacetime is given by 

ds^ = gttdt^ + 2g,(fi dtd(p + gipipdq)^ + g,-rdr^ +g^^d^^, 



(1.3.18) 



where the metric components are functions of r and •& only. 

The local tetrad for an observer on a stationary circular orbit, (r = const, = const), with four 
velocity u = cF (5, + l^d^) can be defined as, compare Bini[BJOO], 



e{o) r (<5, + C<3,>) , 6(1) = — ^<9,-, 

\/8rr 

6(3) = {±{g,^ + l^g^if>)d, T {gtt + l^gt^)d^] 



-(2) 



(1.3.19a) 
(1.3.19b) 
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where 



r= A= =. (1.3.20) 

The angular velocity is limited due to gn + 2^gt^ + C^g(p(p < 



Cmm = CO- /co2-^ and Cmax = ®+ /co2-^ (1.3.21) 

V 8<p<p V ^'P'P 

with » = -gtq>/g,pq>. 

For C = 0, the observer is static with respect to spatial infinity. The locally nonrotating frame 
(LNRF) has angular velocity C = see also MTW[MTW73], exercise 33.3. 
Static limit: ^min = ^ grt =0. 

The transformation between the local direction u*'' and the coordinate direction v^^ reads 
v'^r(v^'^±v^'^Aw,), v'^^, v^ = ^^, i^^^^rfuC'CT^^^'WaV (1.3.22) 

^ ^ Vg^ \/gM ^ ' 

with 

M'l = ,?r(p + and W2 = gn + Cgt(p- (1.3.23) 

The back transformation reads 

= V^'^^^rV\ V^^^ = ^^V\ u'^^^i — | ■ .(1.3.24) 

I C,Wi+W2 Al C,Wi+W2 



Note, to obtain a right-handed local tetrad, det j > 0, the upper sign has to be used. 

1.4 Coordinate relations 

1.4.1 Spherical and cartesian coordinates 

The well-known relation between the spherical coordinates (r, T},(p) and the cartesian coordinates 
{x,y,z), compare Fig. 1.2, are 



X = rsinjJcos^, r = \/x^^+y^^+z^ , (1.4.1a) 



y = rsinjJsirKp, and & = arctan2{\/Gp^+y^,z), (1.4.1b) 

z = rcosi>, (p = arctan2(3',x), (1.4.1c) 

where arctan2() ensures that (p E [0,27r) and & E (0,?r). 
The total differentials of the spherical coordinates read 

^^^xdx + ydy + zdz^ (1.4.2a) 
r 

^^^_,zd. + yzdy-(x^+y^)dz ^^^4_2b) 
r2yx2+3? 

—ydx + xdy 
x^ +y 

whereas the coordinate derivatives read 

dr ^ —dx+ ^dy + ^d- = siniJcos^^, + sintJsin^(9v + cosj>5^, (1.4.3a) 
or or ' or " 

= — — + ^-^^y + Tr-^(9- = rcos'&cos(pdy + rcosi}sm(pdy — rsin&d^, (1.4.3b) 
c*?? di!} - d-d 

(9m = -^<3v + -T^<5v + "T— = —rsmi!^sin(pdx + rsim^coscpdy, (1.4.3c) 
d(p d(p - d(p 



d(p \ , (1.4.2c) 
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Figure 1.2: Relation between spherical and cartesian coordinates. 



and 



dr (5tJ d(p costJcosc) sine) 

d^ = —dr + -:r-d^ + —dm ^sm-& COS (p dr H d^ : -dm , 

dx dx dx r rsinj> 

dr ^ d-d ^ d(p . „ . cosiJsinc) cos(p 

Ov = -:r-dr+ ^r-d^ + —dm = Sin t> Sin ^ 0*^ H d^^ : — -dm, 

dy dy dy r rsinz? 



d- = 



dr ^ dd ^ d(p ^ „ sinzJ 

-^Or+ -^O^ + ^Om =COS-& d,- d^ . 

dz dz dz r 



(1.4.4a) 
(1.4.4b) 
(1.4.4c) 



1.4.2 Cylindrical and cartesian coordinates 

The relation between cylindrical coordinates {r,(p,z) and cartesian coordinates {x,y,z) is given by 



X = rcos^, 
y = rsincp, 



(p— arctan2(3',x), 
where arctan2() again ensures that the angle (p e [0,27r). 



(1.4.5a) 
(1.4.5b) 




Figure 1.3: Relation between cylindrical and cartesian coordinates. 

The total differentials of the spherical coordinates are given by 
xdx+ydy 



dr^ 



d(p 



-ydx + xdy 



(1.4.6a) 
(1.4.6b) 



1.5. EMBEDDING DIAGRAM 
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and 



dx = cos(pdr — rsm(pd(p, 
dy = sm(pdr + rcos(pd(p. 



The coordinate derivatives are 

dx ^ d 
or or 

dx ^ d' 
dtp ^ dtp 



^ dx ^ dy ^ . ^ 

dr ~ —dx+ —dy = cos (p dx + sin (p dy, 



dx ^ dy ^ . ^ 

dq, = — — dx+ — dy = — r sm (pdj + r cos (pdyin 



and 



d^r 
d 

dr 



d(p 



sin^ 



d^ = — (9,- + -z—dm = cos (pdr dy 

dx dx r ' 



d,- + ^d,o 



dy dy 



cos(j!) 
sin (p dr H dy 



(1.4.7a) 
(1.4.7b) 



(1.4.8a) 
(1.4.8b) 

(1.4.9a) 
(1.4.9b) 



1.5 Embedding diagram 

A two-dimensional hypersurface with line segment 

da^ = g,-r{r)dr^+g^^{r)d^'^ (1.5.1) 
can be embedded in a three-dimensional Euclidean space with cylindrical coordinates. 



da^ = 



dp^ + p^d(p'^. 



(1.5.2) 



Withp(r)^ = g(p(f,{r) and dr= (t/r/iip)iip, we obtain for the embedding function z = z(r), 
dz 



dr V \ dr 

^tg<p(p{r) = r'^,thend^^g^/dr = 1. 

1.6 Equations of motion 
1.6.1 Geodesic equation 

The geodesic equation reads 
d^x^" f, dxP dx" _ 



(1.5.3) 



(1.6.1) 



with the affine parameter A . For timeHke geodesies, we replace the affine parameter by the proper 
time T. 

The geodesic equation (1.6.1) is a system of ordinary differential equations of second order. Hence, 
to solve these differential equations, we need an initial position x^ {X = 0) as well as an initial 
direction {dx^^ /dX){X = 0). This initial direction has to fulfill the constraint equation 



8nv 



dx^ dx" 
dX dX 



Kc 



(1.6.2) 



where K" = for lightlike and K = 



— 1 for timelike geodesies. 
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1.6.2 Fermi- Walker transport 

The Fermi-Walker transport of a vector X = X^df^ along the worldline x^{t) with four-velocity 
m^(t) is given by[SS90] 

^+r^^uPX'' + 1 {u''a^-a''uf')gpaXP = 0. (1.6.3) 
The four-acceleration follows from the four-velocity via 



fl^ = — + (1.6.4) 
dT 



1.6.3 Parallel transport 

If the four-acceleration vanishes, the Fermi-Walker transport simplifies to the parallel transport 
^+r|i„M''X-=0. (1.6.5) 

1.7 Tools 

1.7.1 Maple/GRTensorll 

The Christoffel symbols, the Riemann- and Ricci-tensors as well as the Ricci and Kretschman 
scalars in this catalogue were determined by means of the software Maple together with the pack- 
age by Musgrave, Pollney, and Lake.^ 

A typical worksheet to enter a new metric may look like this: 

> grtw ( ) ; 

> makeg (Schwarzschild) ; 

Makeg 2.0: GRTensor metric/basis entry utility 
To quit makeg, type 'exit' at any prompt. 
Do you wish to enter a 1) metric [g(dn,dn)], 

2) line element [ds], 

3) non-holonomic basis [e (1) . . .e (n) ] , or 

4) NP tetrad [1, n, m, mbar] ? 

> 2 : 

Enter coordinates as a LIST (eg. [ t , r , theta, phi ] ) : 

> [t , r, theta, phi ] : 

Enter the line element using d[coord] to indicate differentials. 

(for example, r"2* (d [theta] "2 + sin (theta) "2*d [phi] "2) 

[Type 'exit' to quit makeg] 
ds"2 = 

If there are any complex valued coordinates, constants or functions 
for this spacetime, please enter them as a SET ( eg. { z, psi } ) . 

Complex quantities [def ault={ } ] : 

> { } : 



^The commercial software Maple can be foimd here: http:/ /www.maplesoft.com. The GRTensorll-package is free: 
http:/ / grtensorphy.queensu.ca. 
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You may choose to 0) Use the metric WITHOUT saving it, 

1) Save the metric as it is, 

2) Correct an element of the metric, 

3) Re-enter the metric, 

4) Add/change constraint equations, 

5) Add a text description, or 

6) Abandon this metric and return to Maple. 

> 0: 

The worksheets for some of the metrics in this catalogue can be found on the authors homepage. 

To determine the objects that are defined with respect to a local tetrad, the metric must be given 
as non-holonomic basis. 

1.7.2 Mathematica 

The calculation of the Christoffel-symbols, the Riemann- or Ricci-tensor within Mathematica 
could read like this: 

Clearing the values of symbols: 

In[l]:= Clear[coord, metric, inversemetric, affine, 
t, r, Theta, Phi] 

Setting the dimension: 
In [2] := n := 4 

Defining a list of coordinates: 

In[3]:= coord := {t, r, Theta, Phi} 

Defining the metric: 

In[4]:= metric := {{-(1 - rs/r) c''2, 0, 0, 0}, 

{0, 1/ (1 - rs/r) , 0, 0}, 
{0, 0, r-2, 0}, 
{0, 0, 0, r "2 Sin [Theta] "2 } } 

In [5] := metric // MatrixForm 

Calculating the inverse metric: 

In [6]:= inversemetric := Simplify [ Inverse [metric] ] 

In [7] := inversemetric // MatrixForm 

Calculating the Christoffel symbols of the second Itind: 
In[8] := affine := affine = Simplify[ 

Table [(1/2) Sum [ inversemetric [ [Mu, Rho] ] ( 
D [metric [ [Rho, Nu] ] , coord [ [Lambda] ] ] + 
D [metric [ [Rho, Lambda]], coord[[Nu]]] - 
D [metric [ [Nu, Lambda]], coord [ [Mu ]]]) , 
{Rho, 1, n}], {Nu, 1, n}, {Lambda, 1, n}, {Mu, 1, n}]] 

Displaying the Christoffel symbols of the second l^ind: 
In [9] := listaffine := 

Table [If [UnsameQ [affine [ [Nu, Lambda, Mu] ] , 0], 
{Style [ Sub super script [ \ [CapitalGamma] , 

Row [ {coord [ [Nu] ] , coord [ [Lambda] ]}] , coord [ [Mu] ]] , 18], 

II _ H 

r 

style [affine [ [Nu, Lambda, Mu] ] , 14]}], 
{Lambda, 1, n}, {Nu, 1, Lambda}, {Mu, 1, n}] 
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In [10] := TableForm [Partition [DeleteCases [Flatten [listaffine] , 

Null], 3], 
TableSpacing -> {1, 2}] 

Defining the Riemann tensor: 

In [11] := riemann := riemann = 
Table [D [af fine [ [Nu, Sigma, Mu] ] , coord [ [Rho ]] ] - 
D [af f ine [ [Nu, Rlio, Mu] ] , coord [ [Sigma] ] ] + 
Sum [af fine [ [Rho, Lambda, Mu] ] 

af f ine [ [Nu, Sigma, Lambda]] - 
af fine [[ Sigma, Lambda, Mu] ] 
af f ine [ [Nu, Rho, Lambda]], 
{ Lambda, 1 , n } ] , 
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}] 

Defining the Riemann tensor with lower indices: 
In [12] := riemannOn := riemannOn = 
Table [Simplify [ 

Sum [metric [ [Mu, Kappa]] riemann [ [Kappa, Nu, Rho, Sigma]], 
{Kappa, 1, n} ] ] , 
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}] 

In[13] := listRiemann := 

Table [If [UnsameQ [riemannOn [ [Mu, Nu, Rho, Sigma]], 0], 
{ Style [Subscript [R, Row [{ coord [ [Mu ]] , coord[[Nu]], coord [ [Rho ]] , 
coord [ [Sigma] ]}]] , 16], "=", 
riemannOn [ [Mu, Nu, Rho, Sigma]]}], 
{Nu, 1, n}, {Mu, 1, Nu}, {Sigma, 1, n}, {Rho, 1, Sigma}] 

In [ 1 4 ] : = TableForm [Part it ion [DeleteCases [Flatten [ listRiemann] , 

Null], 3], 
TableSpacing -> {2, 2}] 

Defining the Ricci tensor: 
In[15] := ricci := ricci = 
Table [Simplify [ 

Sum [riemann [ [Rho, Mu, Rho, Nu] ] , {Rho, 1, n}]], 
{Mu, 1, n}, {Nu, 1, n}] 

In [16] := listRicci : = 
Table [If [UnsameQ [ricci [ [Mu, Nu] ] , 0], 

{Style [Subscript [R, Row [{ coord [ [Mu] ] , coord [ [Nu] ]}]] , 16], 

r 

style [ricci [ [Mu, Nu] ] , 16]}], {Nu, 1, 4}, {Mu, 1, Nu}] 

In[17] := TableForm [Partition [DeleteCases [Flatten [listRicci] , 

Null], 3], 
TableSpacing -> {1, 2}] 

Defining the Ricci scalar: 

In[18] := ricciscalar := ricciscalar = 
Simplify [Sum [ 

Sum [ inversemetric [ [Mu, Nu] ] ricci [ [Nu, Mu] ] , 
{Mu, 1, n}], {Nu, 1, n}]] 
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Defining the Kretschman scalar: 

In [19] := riemannUp := riemannUp = 
Table [Simplify [ 
Sum [ inversemetric [ [Nu, Kappa]] 

riemann[[Mu, Kappa, Rho, Sigma]], {Kappa, 1, n}]], 
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}] 

In [20] := Itretschman := Jcretschman = 
Simplify [Sum [ Sum[Sum[Sum[ 

riemannUp [ [Mu, Nu, Rho, Sigma]] 
riemannUp [ [Rho, Sigma, Mu, Nu] ] , 
{Mu, 1, n}], {Nu, 1, n}], {Rho, 1, n}], {Sigma, 1, n}]] 

Some example notebooks can be found on the authors homepage. 
1.7.3 Maxima 

Instead of using commercial software like Maple or Mathematica, IVlaxima also offers a tensor 
package that helps to calculate the Christoffel symbols etc. The above example for the Schwarz- 
schild metric can be written as a maxima worksheet as follows: 

/* load ctensor pacltage */ 
load (ctensor) ; 

/* define coordinates to use */ 
ct_coords : [t , r , theta, phi ] ; 

/* start with the identity metric */ 

Ig: ident (4) ; 

lg[l, 1] :c"2* (1-rs/r) ; 

lg[2,2] (1-rs/r) ; 

lg[3,3] :-r"2; 

lg[4,4] : -r"2*sin (theta) "2; 
cmetric ( ) ; 

/* calculate the christoffel symbols of the second ]<.ind */ 
christof (mcs) ; 

/* calculate the riemann tensor */ 
Iriemann (mcs ) ; 

/* calculate the ricci tensor */ 
ricci (mcs ) ; 

/* calculate the ricci scalar */ 
scurvature ( ) ; 

/* calculate the Kretschman scalar */ 
uriemann (mcs) ; 
rinvariant ( ) ; 
rat simp ( % ) ; 

As you may have noticed, the Schwarzschild metric must be given with negative signature. 



Chapter 2 

Spacetimes 



2.1 Minkowski 

2.1.1 Cartesian coordinates 

The Minkowski metric in cartesian coordinates reads 

ds^ = -c^t/r + dx^ + dy- + dz^. (2.1.1) 

All Christoffel symbols as well as the Riemann- and Ricci-tensor vanish identically. The natural 
local tetrad is trivial, 

e(,) = i^,, e(;,) = (9.,, e(y) = dy, e(-.) = d,. (2.1.2) 

2.1.2 Cylindrical coordinates 

The Minkowski metric in cylindrical coordinates 

ds^ = -c^dt^ + dr^ + r^d(p^ + dz^ (2.1.3) 
has the natural local tetrad 

e(r) = ^d,, e(r) = dr, e(^) = ^d^, e(,) = a. (2.1.4) 

Christoffel symbols: 

^(p(p ^ ^'r'p ^ ~- (2.1.5) 

Ricci rotation coefficients: 

2.1.3 Spherical coordinates 

In spherical coordinates, the Minkowski metric reads 

ds- = -c^dt^ + dr + {d^^ + sin^ ^d(p^) . (2.1.7) 

Christoffel symbols: 



r'^^ = -r, r^^ = -rWi^, rf^ = -, (2.1.8a) 

= - sin cost?, r?;-^, Tl^=cot7}. (2.1.8b) 
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Local tetrad: 

e(r) = -dt, e(,-) = d,-, e(^) = -<9^, e(^) = ^ d(p. (2.1.9) 
Ricci rotation coefficients: 

The contractions of the Ricci rotation coefficients read 

7w = ;, 7(^) = -;-- (2.1.11) 

2.1.4 Conform-compactified coordinates 

The Minkowski metric in conform-compactified coordinates ( ^ , tJ, ^) reads[HE99] 

ds"- = -dxj/^ + dt,^ + sin^ ^ {d^^ + sin^ M^-) , (2.1.12) 

where e [— ?f,7r] and t, e [0,7r]. This form follows from the spherical Minkowski metric (2.1.7) 
by means of the coordinate transformation 

cf + r = tan ^ ^ ^ , cf - r = tan ^ ^ ^ , (2.1.13) 
resulting in the metric 



df = -dV^ + d^'^ + ^j„2 ^^2) (2.1.14) 



and by the conformal transformation ds^ = Q.^ds^ with £^2 = 4cos2 .^^iS. cos2 .^3^. 
Christoffel symbols: 

rf^=cot^, r|^=cot^, r|^ = -sin^cos^, (2.1.15a) 

r^^=cot!J, r|ip = — sin<^ cos^ sin' F^^ = -siniJcosiJ. (2.1.15b) 

Riemann-Tensor: 

= sin^^, ^,5,p^,p = sin-(^sin^jJ, 7?^^^,^ = sin'*^ sin^ tJ. (2.1.16) 
Ricci-Tensor: 

7?^^ =2, Rs^=2sm^^, /?,p^ = 2sin2 ^ sin^ jj. (2.1.17) 

The Ricci- and Xrefechman-scalars: 

^ = 6, jr=12. (2.1.18) 

The Weyl tensor vanishs identically. 
Local tetrad: 

e(w) = <5v'' e(f) = 5f, e(^) = ^^5^, ^(m) = ■ }■ — ^^<?- (2.1.19) 
yfi r \h) h \ ) gjjj^ singsint> ^ 

Ricci rotation coefficients: 

r(^)(^)(i>) = r(<|,)(5)((i,) = cot<5, YmM'p)'^^^- (2.1.20) 
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The contractions of the Ricci rotation coefficients read 

%)=2cot<^, rw = ^- (2.1.21) 

Riemann-Tensor with respect to local tetrad: 

R{^)(i}mw ^ R(^)(,pm(,p) = Rii})(<p)m<p) = i- (2.1.22) 

Ricci-Tensor with respect to local tetrad: 

%)(^) = = R{<p){<p) = 2- (2.1.23) 

2.1.5 Rotating coordinates 

The transformation c/^ t-^ d(p + (odt brings the Minkowski metric (2.1.3) into the rotating form[Rin01] 
with coordinates {t,r,(p,z), 

ds^ = -( l-^^\[cdt-Q.{r)d(pf+dr^ + - '——d(p- + dz^ (2.1.24) 

withn(r) {r^co/c)/{l-co^r/c^). 

The local tetrad of the comoving observer is 

e(r) = ^d, - ^d^, e(,-) = dr, e(^) = ^d^, = a, (2.1.25) 

whereas the static observer has the local tetrad 

" /T-7^f m^'^ ^{r)=dr, (2.1.26a) 
c-\/l — (O^r'^/c^ 



Christoffel symbols: 

2.1.6 Rindler coordinates 

The worldline of an observer in the Minkowski spacetime who moves with constant proper ac- 
celeration a along the x direction reads 

. (^f' ■ , Off' 

x= — cosh — , cf = — sinh — , (2.1.28) 
a c a c 

where t' is the observer's proper time. The observer starts at .x: = 1 with zero velocity. 

However, such an observer could also be described with Rindler coordinates. With the coordinate 

transformation 

{ct,x)^ {x,p): cf = —sinhT, x=— coshr, (2.1.29) 

P P 

the Rindler metric reads 

ds^ = — \dT- + Xdp^ + dy^ + dz^. (2.1.30) 
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Christoffel symbols: 

The Riemann and Ricci tensors as well as the Ricci and Kretschman scalar vanish identically. 
Local tetrad: 

e(T) = Pdt, e(p) = p'^dp, e(,) = dy, e(,.) = d-. (2.1.32) 
Ricci rotation coefficients: 

7(x)(p)(z) = P , and r(p) = -P- (2.1.33) 
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2.2 Schwarzschild spacetime 
2.2.1 Schwarzschild coordinates 

The Schwarzschild metric represented by Schwarzschild coordinates {t,r,-&,(p) reads 

ds^ = -(l--) c^dt^ + ^-—dr^ + {di»^ + sin^ i&d^^) , (2.2.1) 

\ rJ \—rs/r ^ ' 

where = IGM/c^ is the Schwarzschild radius, G is Newton's constant, c is the speed of light, 
and M is the mass of the black hole. The critical point r = is a real curvature singularity while 
the event horizon, r = r,, is only a coordinate singularity, compare e.g. the Kretschman scalar. 

Christoffel symbols: 

2r3 ' 2r(r~r,)' ~ 2r(r-r,)' ^ ' 

r% = K r?; = i, r^^ = -(r-r,), (2.2.2b) 

r^^^cotjJ, r'^^ = -(r-r,)sin2iJ, T^^^ = - sin iJcos zJ. (2.2.2c) 

Riemann-Tensor: 

C'^rs 1 (r — rs) 1 (r — r^) sin^ i? 

Rtrtr = 3~j ^rjjrjj = T 2 ' ^ttptip = ^ 3 , (2.2.3a) 
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1 r^. 1 sin^ 



^n>r!j = -T^— , Rr<pr<p = , R^^^^ = rr.sin" ■& . (2.2.3b) 

As aspected, the Ricci tensor as well as the Ricci scalar vanish identically because the Schwarz- 
schild spacetime is a vacuum solution of the field equations. Hence, the Weyl tensor is identical 
to the Riemarm tensor. The Kretschman scalar reads 

jr= 12-|. (2.2.4) 



Here, it becomes clear that at r = there is no real singularity. 
Local tetrad: 



d,, e(r) = 1 / 1 dr, e(a) = -d^, e(,p) = _,^^^ d^- (2.2.5) 



Dual tetrad: 



e^'^ =cjl--dt, e'^) ^ =, e^^^ = rdT}, e'^'^^ =rsim}d(p. (2.2.6) 

V Vi-'-.vA 

Ricci rotation coefficients: 



r ■ \ r • cot z^' 

The contractions of the Ricci rotation coefficients read 

Structure coefficients: 



cC) - e*'') -c^*"' c*''' (2 2 9) 
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Riemann-Tensor with respect to local tetrad: 



^(0('-)(0('-) - -^rnvmiv) - (2.2.10a) 



R{t){mm = ^it){<pm{<p] = ~f^{r)mrm - -''^(r)(^>)(r)(<p) = (2.2.10b) 



Embedding: 

The embedding function reads 



z = 2^,^7^,. (2.2.11) 
Effective potential: 

The Euler-Lagrangian formalism[Rin01] yields the effective potential 



yeff=:,i^-i][-2-'^c'] (2-2.12) 



with the constants of motion k = {I — rs/r)c^i, h = r^<p, and K as in Eq. (1.6.2). For timelike 
geodesies, the effective potential has the extremal points 

r± = (2.2.13) 



at r = |rj. The corresponding circular orbit is called photon orbit. 



where r+ is a maximum and r_ is a minimum. Null geodesies, however, have only a maximum 

Further reading: 

Schwarzschild[Schl6, Sch03] 



2.2.2 Schwarzschild in pseudo-cartesian coordinates 

The Schwarzschild spacetime in pseudo-cartesian coordinates 
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ds^ = -[l-!l) c^dt^ + { +y^ + ^] + T^+^') ^ (2-2.14a) 



2 . \ dz^ . 2r, 



x' + v +- r + ^57 — ' — rixydxdy + xzdxdz + yzdydz). (2.2.14b) 

1 — rj/ r J r'^ r^\r — rs) 

ansatz for a local tetrad 

6(0) = —^=1=5,, &(y^=Ad^, t(2)=Bd, + Cdy, t^^)=Dd, + Edy + Fd-,. (2.2.15) 

A = -^, B= C= ^ (2.2.16a) 

gxx^ -g%/gxx + gyy ^J -g%./ gxx + gyy 



_ gxyByz ~ SxzSyy ^ _ SxzSxy — SxxSyz p _ vN ^ 



with 

N = g..gyy-g%, (2.2.17a) 

W = gxxgyygzz ~ gl;gyy + 2fcg.rvgy; " glygzz " fc^^r (2.2.17b) 
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2.2.3 Eddington-Finkelstein 

The transformation of the Schwarzschild metric (2.2.1) from the usual Schwarzschild time coor- 
dinate f to the advanced null coordinate v with 

cv = ct + r + rjn{r-r,) (2.2.18) 

leads to the ingoing Eddington-Finkelstein[Edd24, Fin58] metric with coordinates (v, r, i?, 

ds^ = - (l - 7) c^dv^- + 2cdvdr + r^dQ?. (2.2.19) 

Christoffel symbols: 

V -— r' - '^^r,[r-rs) _ r'* - i r?7?na^ 

r?; = i r^^--^, r;^ = -(r-r,), r^^ = cott5, (2.2.20b) 

r;^ = -^^^^, r'^^ = -('--'-.)sin2i?, r;^^ = -siniJcosj?. (2.2.20c) 
Riemann-Tensor: 

Rvrvr ^ ^vjJrffl = , ^I'drlJ = ~ 7;— 7 (2.2.21a) 

Rv<pv<p = — ■ ^ , Rv<pr<p = , R^^&^ = rr, sm ^. (2.2.21b) 

While the Ricci tensor and the Ricci scalar vanish identically, the Kretschman scalar is J(f = 

Static Local tetrad: 



= — I, ^ I = — I, ^ I '^'-+\/ 1 ^ H-d) = ^{9) = ^ <x ^<P- (2.2.22) 

^ ' c^l -Tv/r ^ ' c^l -r,./r V ^ ' r rsirn} 

Ricci rotation coefficients: 

'"s 1 tT COtT? 

^WWM = ^\-r,lr " ^('P'WW " 7 V ~' (2-2.23) 

The contractions of the Ricci rotation coefficients read 

Riemann-Tensor with respect to local tetrad: 

Y - 

^{m^m = -''^(i>)(<p)(i>)(<p) = (2.2.25a) 

R(t)mtm = ^i'){<PW)i<P) = = -''^W(,}>)(r)(.;)) = (2.2.25b) 

2.2.4 Isotropic coordinates 

The Schwarzschild metric (2.2. 1) in isotropic coordinates {t,p,-&,(p) reads, compare MTW[MTW73] 
page 840, 
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where 

'■ = P{' + ^)' (2.2.27) 

is the coordinate transformation between the Schwarzschild radial coordinate r and the isotropic 
radial coordinate p . 

Christoffel symbols: 



^" ~ 2048 ^4^^^^^, , r,p - j^^, Tpp - - (^^^. (2-2.28a) 



r^,=cot,5, r^, = -(l^-jl^^, r^, = -sin,JcostJ. (2.2.28c) 

4p -|- 



Riemann-Tensor: 



_ (4p-r,)V,c2 _ (4p-r^)V^ /9 9 9q^^ 



_ (4p-r,)2pcV,sin^i» _ (4p + r,)V, n 7 9qh1 

^r^pf^p - » (4p + r,)4 ' ^ 32p3 ' (2.2.29b) 



(4p + r,)V,sin^t» (4p + r,)V,sin^t» /o 9 ^Q.^ 

Kp<PP<p- ^^^3 ' t<»>pi}>p- • (2.2.2yc) 

The Ricci tensor and the Ricci scalar vanish identically. 
Kretschman scalar: 

j^ = 3.4"—^^-^^—.. (2.2.30) 
(4p + r,)i2 

Local tetrad: 

l + r,/(4p) ^, 1 

^^'^' = p[l+.!/(4p)f''^' ^^^'^p[l+.../(4p)fsi„^^'- ('•'•'^"^ 
Ricci rotation coefficients: 

128r,p2 _ 16p(4p-r,) o o o9,^ 

^(p)W(o - (4p+^^.)3(4p_^^.)' Ympm - rmpm - (4p+^^.)3 > (i.2.32a) 

16pcott5 _ ^ ^ 

rCpmCp) = (^4p + r,)2 - (2.2.32b) 

The contractions of the Ricci rotation coefficients read 

32p(16p2-4pr, + r^) 16pcott» 

(4p + r..)3(4p-r,) ' ^^^^ = WT^- ^^-^'^^^ 

Riemann-Tensor with respect to local tetrad: 

4096pV, 

^W(P)(')(P) = -«(i>)(<!))(i>)(<p) = ~ (4p + r,)6 ' (2.2.34a) 

^{/)(0)(r)(tf) = ''^(0(<P)W(1') = -''^(P)(tf)(p)(>>) -^{p){v)(P)i<p] (4°p +''^^)6 • (2.2.34b) 
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2.2.5 Kruskal-Szekeres 

The Schwarzschild metric in Kruskal-Szekeres[Kru60] coordinates {T,X,'&,(p) reads 



r ^ 



where r E M,+ \ {0} is given by means of the LambertW-function y^. 



- - 1 I e'/'-^ =X^-T^ or r = r. 



(2.2.35) 



(2.2.36) 



The Schwarzschild coordinate time t in terms of the Kruskal coordinates T and X reads 



t = 2ryarctanh— , r>rs, 
X 

f = zryarctanh— , r < rs, 

f = oo, r = rs. 

The transformations between Kruskal- and Schwarzschild coordinates read 

ct 

rp 

X 



X=Jl- sinh — , T = Jl- cosh - 



- - cosh — , T = J-- sinh 



2r/ 



2r, 



< r < r2, 
r > r,. 



(2.2.37a) 

(2.2.37b) 
(2.2.37c) 

(2.2.38a) 
(2.2.38b) 



Christoffel symbols: 



_pr _ rr,(r + r,) 



-x _ 

2r?r 



pA _pr _px _ Xr,{r + r,) 

^ TT — ^ TX ~ ^ XX — ~2 ^ 



Riemann-Tensor: 



r 

r 

r 9 
: - — rsin-iJ, 

: cottJ, 



R 



TXTX 



2/ 

^r,p7-,p = -^e-'"/'-'sin2zJ, 
2r; 



_ 2r^X 

-x 



^X 



(P(P 



2r, 
sintJcosiJ. 



9r4 



7? 



XdXiJ 



Rx(pX(p = j-e '''''' sin^ R&^^^ = rr,, sin^ tJ. 



(2.2.39a) 
(2.2.39b) 

(2.2.39c) 
(2.2.39d) 
(2.2.39e) 
(2.2.39f) 

(2.2.40a) 
(2.2.40b) 
(2.2.40c) 



The Ricci-Tensor as well as the Ricci-scalar vanish identically. 
Kretschman scalar: 



JT = 



12rf 



(2.2.41) 



Local tetrad: 



1 



rsin 



(2.2.42) 
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2.2.6 Painleve-Gullstrand 

The Schwarzschild metric expressed in Painleve-Gullstrand coordinates[MP01] reads 



ds^ = -c^dT^ +[dr+J-cdT\ + {d^^ + sin^ ^d(p 



(2.2.43) 



where the new time coordinate T follows from the Schwarzschild time t in the following way: 



cT ^ct + 2r, . / — + - In 
\ V '".V 2 



Christoffel symbols: 



(2.2.44) 



2r2 



^ Tr 



Riemann-Tensor: 



RrrTr — 



2 



i (pip 



c'^rs{r-rs) 
2r3 



2cr2 Y ' 
1 
r 

: COtzJ, 

: — sin cost?. 



r:. 



2r2' 



"2r2' 



- W — Sin ■!>, 
c V 



— 



2r2 



RT(pT(p 



2r2 
rs sin^ i} 
2r ' 



2r V 



sin jJ, /^rtfrtf 



2r \j r ' 
'2r' 



= rr^ sin . 



(2.2.45a) 

(2.2.45b) 

(2.2.45c) 

(2.2.45d) 
(2.2.45e) 

(2.2.46a) 
(2.2.46b) 
(2.2.46c) 



The Ricci tensor and the Ricci scalar vanish identically while the Kretschman scalar reads = 

For the Painleve-Gullstrand coordinates, we can define two natural local tetrads. The static tetrads 
reads 



1 



e(,- 



whereas the tetrad for the freely falling observer reads 



1 



rsin 



1 



rsintJ 



d^, (2.2.47) 



(2.2.48) 
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2.3 Reissner-Nordstrom 

The metric of the Reissner-Nordstrom black hole in spherical coordinates {t,r,-d,(p) reads[MT W73] 

ds^ = -AT^c^dt^ +ATi^dr^ + {d-&^ + sin' i} d(p^) , (2.3.1) 
where 

Arn = 1 - - + ^ (2.3.2) 

with r, = 2GM/c^, the charge Q, and p = G/ (eoc^) ~ 9.33 • 10^^'*. As in the Schwarzschild case, 
there is a true curvature singularity at r = 0. However, for < r1 / (4p ) there are also two critical 
points at 



Christoffel symbols: 

ARN£^(rvr-2pe2) ^, _ r,,r-2pQ^ _ v-2pQ^ 

C-;, ^f<P = l^ n^ = -MRN, (2.3.4b) 

rt„=coHJ, r'„„ = -rARNsin2TJ, r;!„ = - sin zJcos tJ. (2.3.4c) 



Riemann-Tensor: 



c^(r,r-3p6^) ARNC^(r.,-2pe2) 

■'^Wr = 7 ; t<t^,^ = — ^ , (^Z.J.Daj 

2r^ 

ARNc2(r,r-2pe2)sin^t» r,r-2pe2 

- , Rr^r3 - - 2,2^^ ' (2.3.5b) 



{rsr-2pQ^)sm^^ 



Rr(pr(p = -— — " : 7?^^^^ = (r,.r-pg') sin' ■!>. (2.3.5c) 



Ricci-Tensor: 



"rr — 7 ' "it — T-; , "iJiJ — — fimm — ^ . (./.J.bj 

n Arn 

While the Ricci scalar vanishes identically, the Kretschman scalar reads 

3r^r-l2r,rpQ^ + l4p^Q'^ ^ ^ 

X = \— ^— (2.3.7) 



Weyl-Tensor: 



^(r,r-2pQ^) ^ _ A^c^{rSr-2pQ^) 

2fi 



Ctrtr — — ^4 , QiJrjJ — 1 (2.3.8a) 



ARNC^(r,r-2pe^)sin^i» r,r-2pQ' 
Cr^t^ ' C,^,^ - - 2,2^j^ ' (2-3-8b) 

("^ ^ 2dO^) sin^ jj 

C„p,^ = -^^ — ' Q^^^ = (r,r-2pe2)sin2z>. (2.3.8c) 

zy 

Local tetrad: 

1 1 \ 

-.d,, e(r) = VARN^r, e(i,) = -5i», e(y) = „„;„,a ^i|)- (2.3.9) 
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Dual tetrad: 

e^''^ =c^/A^dt, 0W = -^, e^'^'^^rdi}, e'^f'^ =rsm^d(p. (2.3.10) 

V^RN 

Ricci rotation coefficients: 

'ymm = 2r^y^ ' "^wwtf) " = (2.3.11) 

The contractions of the Ricci rotation coefficients read 

4r^-3rr, + 2pQ^ coti? 
^('■) " o 3 /i — ' 7(i>) = • (2.3.12) 

Riemann-Tensor with respect to local tetrad: 

^wwww- ;4 — ' i<m9)m<f>)~ — -a — > (2.3.13a) 

J^mmm = ^i'mi'm = -^{rmirm = -Rir){,(,){r){^) = — • (2.3.13b) 



Ricci-Tensor with respect to local tetrad: 



Pg2 

R(t)(t) = -R(r)[r) = Rmn] = = — • (2.3.14) 

Weyl-Tensor with respect to local tetrad: 

^{t){r){t)(r) = -Cm(p)W{f) = — - — ;4^' (2.3.15a) 

C{t){it){t){6) = C(0('P)(0(i') = ~C^r){if){rm = -^{rmir){<p) = ' (2.3.15b) 

Effective potential: 

The Euler-Lagrangian formaIism[Rin01] yields the effective potential 



For null geodesies, k" = 0, there are two extremal points 



where r+ is a maximum and r_ a minimum. 

Further reading: 

Eiroa[ERT02] 
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2.4 Janis-Newman-Winicour 

The Janis-Newman-Winicour [JNW68] spacetime in spherical coordinates (f , r, (p) is represented 
by the line element 

ds^ = -a'c^dr + a" W + r^a-^'+i {d&^ + sin^ Mcp^) , (2.4.1) 

where a = 1 — r^/ [jr). The Schwarzschild radius ry = 2GM/c^ is defined by Newton's constant G, 
the speed of light c, the mass parameter M, and the constant y. 

Christoffel symbols: 

^ _ 27r-r,(7+l) ^ _ 27r-r,(7+l) _ 27r-r,(7+l) ^ a 

^'■■^^ 2^;^^% ' ^'-''^ 2^^^ ' ^'^''^ 2^^ ' ^^-^-^^^ 

rlp^^r^^sin^zJ, r^^=cotT?, = -siniJcosiJ. (2.4.2c) 
Riemann-Tensor: 

r,c2[27r-r,(7+l)]ay-2 [27^ - r,(7+ 1)] a^-' , _ 
^ ' '^^^'■^ = ' (2.4.3a) 



r,c2[27r-r,(7+l)]ar-isin2,J ^,[27^-^,(7+!)] 
^'W = ' -Rrtfrtf- 4^2^2^(7-1 ' 

_ r,[272r-r,(7+l)]sin2zJ _ r, [47^- r,(7+ 1)2] sin^ 
^'f'-'P- 4^2^2c(r-i ' ^^'Pii'P- -^yi-^ ■ (2.4.3c) 



Weyl-Tensor: 



= 6^2^ ' - i272r2 ' (2.4.4a) 



r,c2a1'-'j3sin2 _ r,j8 

Cr^r^ ' Cr^r^ - - x2fP-ay-' ' ^^-^-^^^ 

rj/3 sin2 r^ji sin^ ^ 

C'W = - Uy^riar-i ' C^<P^<P= 6^2cy ' (2.4.4c) 



where j8 = 672r-rs(7+ 1)(27+ 1). 
Ricci-Tensor: 



r2(l-72) 

^,v-= 12 4 2 - (2.4.5) 
2y2^4Q,2 



(2.4.6) 



The J?icci scalar reads 

^_ r2(l-72)c,y-2 
- 272r4 

whereas the Kretschman scalar is given by 

2„2r-4 

= [772r2(2 + 72)+487Va + 87r,(272 + l)(r,-27r) + 3r2] . (2.4.7) 

Local tetrad: 
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25 



Dual tetrad: 

e^''> =ca^l^dt = — 0W = - ^ ^^""^ ^ (2 4 9) 

o tu Of, o ^^^2' a(r-i)/2 ' a(5'-i)/2 

Ricci rotation coefficients: 

7(.)(0M - 7(.)(,(.) 7(,)(,(,) = ^JL^0±}laiy-m^ (2.4.10a) 

7«p)(^)«P) = ^«'^-^'/'- (2.4.10b) 
The contractions of the Ricci rotation coefficients read 

7..- '"'^'';^^''' °"-"^ r,.,^^^^«"-"'^^ (2.4.11, 

Structure coefficients: 

-^a(r-2)/2 _^(<P) _ 2yr-r,(y+l) (,,2^2 



r 



Effective potential: 

The Euler-Lagrangian formalism[Rin01] yields the effective potential 

V,i, = \ayi^^^-Kc^Y (2.4.13) 

For null geodesies {k — Q) and \, there is an extremum at 

' = (2-4.14) 
2y 
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2.5 Kerr 

The Kerr spacetime, found by Roy Kerr in 1963[Ker63], describes a rotating black hole. Further 
reading: Boyer and Lindquist[BL67], Wilkins[Wil72], Brill[BC66]. 

2,5,1 Boyer-Lindquist coordinates 

The Kerr metric in Boyer-Lindquist coordinates 

ds^ = _ (l _ c^dt^ - ^!j3!:^^cdtd(p + ^dr^+^d^^ (2.5.1a) 

r2+fl2 + !i^!!|!^^sin2z>V, {2.5.1b) 

with E = + fl^cos^ i},A = r^ — r^r + a^, and = 2GM/c^, is taken from BardeenfRPT^]. M is the 
mass and a is the angular momentum per unit mass of the black hole. The contravariant form of 
the metric reads 



-^d-^d,d^ + -d+-di+ d^, (2.5.2) 

c^lA cLA l l EAsin 



where A = (r^ + a^) — a^Asin" = (r^ + a^) E + ryO-r sin tJ. 
The event horizon r+ is defined by the outer root of A, 



'•+ = y + ^|-«2, (2.5.3) 
whereas the outer boundary ro of the ergosphere follows from the outer root of E — rgr, 



ro = y + y^-«2cos2zJ, (2.5.4) 
Christoffel symbols: 

Trr = , r„ = —J , (2.5.5a) 

= 2E5a ' ^"-^ 2E5a ' ^^-^-^^^ 



, _ r,,a2rsinz?cosT? -p _ cr,.ar cot n i; ^ 



2ra"sin^ — rv(r" — fl^cos^ tJ) ^ a^siniJcosiJ 

r„. = , r,-, = — , (2.5.5e) 

r;.^-^^^^^^, r,^4, (2.5.5f) 

r,-^= ^ , r^^ = -Y' (2.5.5g) 

Trcp — 2E2A ' ^ £ ' (2.5.5h) 

r^.. - ^ [^^ + ^^-^-in^ ^] - r',, ^ (2.5.5i) 

rj,^ = ^^3-^ [-2rE2 + r,fl2 sin^ (r' - cos^ zj] , (2.5.5j) 

= ^3 [AE + (r2 + ^^.flVsin^ tJ] , (2.5.5k) 
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General local tetrad: 



e(o) = r (<9, + Cd^) 



— ;=<5,s 



where -F^^ = +2^g,^ + C^g,p^, 



6(3) = - T V- . d, ± ^d„ 



sm sintJ 



Non-rotating local tetrad = co): 



where o = — 



E 1 



A sin I? 



(2.5.6a) 
(2.5.6b) 

(2.5.7) 

(2.5.8) 



= YsCirjA. 



The relation between the constants of motion E, L, Q, and ji (defined in Bardeen[BPT72]) and the 
initial direction v, compare Sec. (1.3.4), with respect to the LNRF reads (c = 1) 



r^ra 



T.A VAEA 



lA 



,(2) 



71^ 



' Q - cos2 & 



-2 (Ai2-£2)- 



L2 

sin^ 



A siniJ 



(2.5.9a) 
(2.5.9b) 



Static local tetrad (C = 0): 

1 



C(0) 



e(3) 



rsflrsintJ 



E ' 



2(2) 



± 



Or T — d,r. 



c^l -r,r/EVAE \/AsiniJ 



(2.5.10a) 
(2.5.10b) 
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2.6 Oppenheimer-Snyder collapse 
2,6,1 Outer metric 

The metric of the outer spacetime {R > Rb) in comoving coordinates {T,R,-&,(p) with (c — 
given by 

/ 3 \ 4/3 



R 



ds^ = -dr^ H 



2/3 



Christoffel symbols: 



pip V^' 

i?3/2_3^,' 



pi? 



'''-Ry^-I^.T' 



5/3 ' 



p(p 



- - 



^/?3/2-3^t' 



r^,> — \/rv 



1/3 



Vr 

rl^^-V^.(^R'^^-lv^.T 

(R^/^-I^t) sin^ 



1/3 



sin" 



r' 

^ 1 ^ (p(p 



''^ -cotiJ, 



sin cos tJ, 



pfi 



Riemann-Tensor: 

■Kt/JtR = 

(7^3/2 _ 3^, 

1 .. „;„2 n 



8/3 ' 



^2/3' 



rjSin 1 Rys 

2(^3/2_3^,)2/3 2(^3/2_3^, 
1 " • ^ " . , . 2, 



_ 1 r, 

2(/j3/2_3^^)2 

1 

4/3' 



The Ricci tensor and the Ricci scalar vanish identically 
Kretschman scalar: 



^=12 

(i?3/2_3^,) 

Local tetrad: 



^'^^^(^V2_3^.)V3^- ^'^'^I^^^m;;^ 



1 . 

2/3 . /f- 

sint> 



1) is 
(2.6.1) 



(2.6.2a) 
(2.6.2b) 

(2.6.2c) 
(2.6.2d) 
(2.6.2e) 
(2.6.2f) 
(2.6.2g) 

(2.6.3a) 
(2.6.3b) 
(2.6.3c) 



(2.6.4) 

(2.6.5a) 
(2.6.5b) 
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Ricci rotation coefficients: 



7(«)(.;,)(.|,) = 7(«)(tf)(#) = - (^^''"- ^^/^^) 



-2/3 



(2.6.6b) 



The contractions of the Ricci rotation coefficients read 



yw = - 2^3/2^^, ^ yiR)=^{R"'-\v^sTy'\ y^,,=coii^{R'l^-\^.Ty'\ {2.6.7) 

Riemann-Tensor with respect to local tetrad: 

Ar- 

^(T)(fi)(T)(fl) = -R{ii)[,pm(,p) = -7—77^ — 77^72' (2.6.8a) 

^(T)(i)){T){i>) = = -R{R)mR)W = -R(R){v){R){>p) = ^''l 2 - (2.6.8b) 

The Ricci tensor with respect to the local tetrad vanishes identically. 

2.6.2 Inner metric 

The metric of the inside {R <Rb) reads 



3 



4/3 



ds^-^-dT^+{l-^y^,R^^^^T) [dR^+R^-{d^- + sm^T}d(p^)]. (2.6.9) 



Christoffel symbols: 



— d3/2 ^d3/2 



^d3/2 / t \ 1/3 

rl„ = -(l-L/jrR-'^\] ./7-.R-J'\ 



/ 3 \ '''^ 



1/3 



3^^,^-3/2^^ ' /:..-3/2,2.„2. 



= — /?sin" tJ, Fip^ = —sin cost?. 

Riemann-Tensor: 

^T«Tfi = — X ^ ^ TTH' ■'^tiJti? = T ; — ^ TTTj (2.6.11a) 



2 



.3(1-3^-3/^)^/^' 2,3(,_3^-3/2,)^/3^ 



Rt<pt^ = ^ — ; 77T273' ^fi<i'/?v = ^3 y-^VrsRb ^] , (2.6.11b) 

^Rl{l-I^.Rf/\)' V 2 y 

= ^ (1 - IVF^Rf'^-rf' , i^.... = '-^^^ (1 - ^V^/^.^/^)''' . (2.6.11c) 
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Ricci-Tensor: 



R^^ — 



^Rl{l-',V^Rf''r 
3 r,R^ 



Rrr 



Rl 



{l-lV^sR 



-3/2, 



2/3 ' 



The Ricci- and Kretschman- scalars read: 
3r, 



3 r,/;2 sin^ 



'Rl{i-'2V^.Rf^'T 



2/3 ' 



2/3 ' 



Local tetrad: 

1 



^=15- 



l-I^Rf^'-T 



2/3 



Ricci rotation coefficients: 

7{T){«)(«) = 7(T)(d)(0) = 7{T){<p)(,}>) = 

7{RmW = 7(R)((p)((;)) = 



2/3 



<5tf, e, 



2Rl"-3^,T 

2y'R, 



R(2Rf--3^,T 



1/3 ■' 



22/3/;,, cot 



2/3- 



r(2r'J^-3^t) 

The contractions of the Ricci rotation coefficients read 

6^- l^l^Rh 



2r'J^-3^sT^ 



r{R) 



R [2rI'^ - 3^,T 
Riemann-Tensor with respect to local tetrad: 



^(T)(fi)(T)(fl) -'R(T)(i>)(T)(i>) -''^(T)(,>)(T)(,p) 



2/3 ' 



2r, 



22/3/;,, cot 



(2.6.12a) 
(2.6.12b) 



(2.6.13) 



(2.6.14a) 
(2.6.14b) 



(2.6.15a) 
(2.6.15b) 

(2.6.15c) 



R[2r'J^-3^x] 



2/3' 



(2.6.16) 



2rI^^-3^t 



R{R)WiR)W - R(R){V)(R){V) ~ RWi,p)W{,p) 



Ricci-Tensor with respect to local tetrad: 



R{T){T) -R{Rm-R{i}m~Ri<p){,p) 



4rv 



(2rI^^-3^,Z 



6r, 



(2.6.17a) 
(2.6.17b) 



(2Rf--3^.T 



(2.6.18) 
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2.7 Morris-Thorne 

The most simple wormhole geometry is represented by the metric [MT88, Vis95] 

ds^- = -c^dt^ + dl^ + {bl + /2) {d^- + sin^^ d(p^) , (2.7.1) 

where is the throat radius and / is the proper radial coordinate. 
Christoffel symbols: 

r^^^cottJ, r'^^ = -/sin^iJ, r*^ = -sini?cosi?. (2.7.2b) 
Riemann-Tensor: 

bl blsin^-d , 2 • ^ q 

RWW = --j^2—j2^ Rl<(il<S> = ~ ^2-1-/2 ' = DoSin'-i>. (2.7.3) 

Ricci tensor, Ricci and Kretschman scalar: 

^ = -2 jr= » (2.7.4) 

Weyl-Tensor: 



Od/iJ = -^^rijr^ ' C'/(p;<j) = ~ ^ ^72 _|_ ^2 ' QipiJip = 2^osin (2.7.5b) 



Local tetrad: 

e(r) = -^f, e(,) = di, e(^) = <3tf, e(^) = . <3(p. (2.7.6) 

Dual tetrad 

e^''>=cdt, e^'^=dl, = ^bl + l^dT}, = yjbl + l^smi^df. (2.7.7) 

Ricci rotation coefficients: 



/ cot I? 

7(^)(r)(i>) 7(,p)(r)(<p) = 72—72' y(<P)m<P) = / , ^ 

^0 + ' V^o + ' 

The contractions of the Ricci rotation coefficients read 



Riemann-Tensor with respect to local tetrad: 



(2.7.8) 



2/ cotiJ 



Rinmim - - ~~Rm<pm{<p) - --— — — (2.7.10) 

[b^o + P) 
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Ricci-Tensor with respect to local tetrad: 



WW 



2bl 



Weyl-Tensor with respect to local tetrad: 



2bl 



Embedding: 

The embedding function reads 



,2 " 



z{r) = ±boln 



with r'^ = bl + fi. 

Further reading: 

EIIis[E1173], Visser[ isM5]. 



(2.7.11) 



(2.7.12a) 
(2.7.12b) 



(2.7.13) 
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2.8 Alcubierre Warp 

The Warp metric given by Miguel Alcubierre[Alc94] reads 

ds"^ = -c^dt^ + {dx - vj{rs)dtf + dy^ + dz^ 
where 

dxs{t) 



V'.v 



dt 



rs{t) = ^J{x-x,{t)Y+y'^+z^, 

tanh((7(r,. - tanh((7(ri 



2tanh(c7^) 



(2.8.1) 

(2.8.2a) 
(2.8.2b) 
(2.8.2c) 



The parameter R>Q defines the radius of the warp bubble and the parameter a > its thickness. 
Christoffel symbols: 



f2 f ,3 



r' 




n = 




^ tt 


tt 




rL = 


//xV? 


tx 




c2 ' 


^ tx 


fyVs 
2 ' 


n — 


2 ' 




ty 


ff.^l+c^fyVs 
2c2 


tz ~ 


2c2 ' 




r 

^ XX 


fxVs 
c2 ' 


^ XT 


//xV? 


r' 

^ x_v 




//yv? 
2c2 ' 


r' = 


/zVi 

2c2' 


xz 



-//vV?, 
/VxV? 



2c2 ' 

/VzV.?+c2/,V, 



2c2 



with derivatives 

df{rs) _ -v.va(x-x,.(f)) 



fy 
fz 



dt 2rstanh{aR) 

df{r,) a{x-Xs{t)) 



fyVs 

2c2' 
2c2 ' 



sech^ {a{r,+R)) - sech^ ((j(r, -/?)) 



dx 


2rstanh((7/?) 


df{r.) 


ay 


dy 


2rvtanh(c7/?) 


df{rs) 


(TZ 


dz 


2rstanh((7/?) 



sech^ ((j(rs +/?)) - sech^ {a{r,-R)) 



sech^ (C7(r,. +7?)) - sech" {a{r,-R)) 



sech^ (C7(r,. +7?)) - sech^ {a{r,-R)) 



(2.8.3a) 
(2.8.3b) 
(2.8.3c) 
(2.8.3d) 
(2.8.3e) 
(2.8.3f) 

(2.8.4a) 
(2.8.4b) 
(2.8.4c) 
(2.8.4d) 



Riemann- and Ricci-tensor as well as Ricci- and Kretschman-scalar are shown only in the Maple 
worksheet. 

Comoving local tetrad: 



5(0) 



- {dt + Vsfdx) , e 



(l)=0'x, ^{2)="y, 6(3) 



(2.8.5) 



Static Local tetrad: 



dt, 6(1) = 



^^^V ^^^^ ei2)=dy, e(3)=a,. (2.8.6) 



Further reading: 

Pfenning[PF97], Clark[CHL99], Van Den Broeck[Bro99] 
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2.9 Barriola-Vilenkin monopol 

The Barriola Vilenkin metric reads [BV89] 

ds^ = -c^-dt^ + dr^ + k^r^ {d^^ + sm^^d(p^) , (2.9.1) 

where k is the scaling factor. 
Christoffel symbols: 



T'^^^-k^r, r^^ = -k^rsm^&, = (2.9.2a) 



r 



r^^ = - sin 1? cost?, rf^ = K r^^ = coti?. (2.9.2b) 

Riemann-Tensor: 



RiKp^<p = {l-k^)k^rhm^&. (2.9.3) 
Ricci tensor, Ricci and Kretschman scalar: 

R^^^il^k'), R^^ = il-k^)smH, M = 2^^, x = A'^^^. (2.9.4) 



Weyl-Tensor: 

Cm. --^4?^^, = ^(1-^2)^ a^,^ = ^(l-A:2)sin2t5, (2.9.5a) 



C,tfrtf = -^(1-^2), C,,p,^ = -l(l-A:2)sin2iJ, Q^^^ = ^(1 -A:2)sin2i>. (2.9.5b) 
Local tetrad: 

Dual tetrad: 

Q^'^^cdt, 0W==t/r, e^^^^krdT}, 9^^^ = krsim}d(p. (2.9.7) 
Ricci rotation coefficients: 

1 cott? 

7(,>)W(i>) - 7(,p)(r)(.p) - 7i<pmi<p) = -j^- (2.9.8) 
The contractions of the Ricci rotation coefficients read 

nr)--^ yw = ^- (2.9.9) 

Riemann-Tensor with respect to local tetrad: 

\-k^ 

R{&)(<pm(<p) = -j^- (2.9.10) 

Ricci-Tensor with respect to local tetrad: 

\-k^ 

Rma) = R(<pm = -j^- (2.9.11) 

Weyl-Tensor with respect to local tetrad: 

\-k^ 

^(t)(r){t)(r) = -C(^)(,p)(^)(,p) = (2.9.12a) 

\-k^ 

C(t){ii){t){ii) = Ci^t){<(,){t){<p) = ~C(rm{rW) = -C{r){<f,){r){,p) = (2.9.12b) 
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2.10 Godel Universe 



Godel introduced a homogeneous and rotating universe model in [G6d49]. We follow the nota- 
tion of [KWSD04] 

2.10.1 Cylindrical coordinates 

The Godel metric in cylindrical coordinates is 



dr^ 



l + [r/(2fl)]2 

where 2a is the Godel radius. 
Christoffel symbols: 

r 1 



1- - 



2a2 1 + [r/{2a)Y 



V = 



V2a 



d(p^ + dz^ - 2r^-^dtd(p, 
v2a 



c 1 
"V2flrl + [r/(2fl)]2 
r 1 



r; 



1 



''■P 4V2cfl3 1 + [r/(2fl)]2 



4fl2 l + [r/(2fl)]2^ 
'■■P rl + [r/(2fl)]2 



12' 



r*^ = r 



1 fr\i 



Riemann-Tensor: 



Rtrtr — 



1 



R, 



2fl2 l + [r/(2fl)]2 

2 2 1 

c r 1 



Rtrr<p 



cr 



1 



2\/2fl3 l + [r/(2fl)]2^ 

^ _ r2 l+3[r/(2«)]2 

'P''' " 2fl2 1 + [r/(2fl)]2 ' '''■'P'-'' ~ 2fl2 1 + [r/(2fl)]2 ' 



Ricci-Tensor: 

2 2 

c r c 

fl2 ^ V2fl3 
Ricci and Kretschman scalar 

cosmological constant: 

R 

^^2 



Killing vectors: 



(2.10.1) 



(2.10.2a) 
(2.10.2b) 
(2.10.2c) 
(2.10.2d) 

(2.10.3a) 
(2.10.3b) 

(2.10.4) 
(2.10.5) 
(2.10.6) 



An infinitesimal isometric transformation x'^ = + £^^{x^) leaves the metric unchanged, that 
is g'^ivi^'") = S^ivix'"). A killing vector field is solution to the killing equation + ^v;;i = 0. 

a killinp^ vprtnr fiplH'; in f^nHpl's snarptimp' 



There exist five killing vector fields in GodeTs spacetime 





('\ 




V 1 / 



v/i + ['-/(2«)P 



fl(l + [r/(2a)]2) sin 9 
f (l+2[r/(2fl)]2)cos^ 




-fl(l + [r/(2a)]2^ cos(p 
f (l+2[r/(2fl)]2) sin(p 






1 



, (2.10.7a) 



(2.10.7b) 
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An arbitrary linear combination of killing vector fields is again a killing vector field. 
Local tetrad: 

For the local tetrad in Godel's spacetime an ansatz similar to the local tetrad of a rotating space- 
time in spherical coordinates (Sec. 1.3.5) can be used. After substituting ^ z and swapping base 
vectors ep) and ep) an orthonormalized and right-handed local tetrad is obtained. 



where 
A 

r 



e(o)=r(5, + C5^), e(i) = ^l + [r/(2fl)]H, 6(2) = Ar(A5, , 6(3) = a, (2.10.8a) 



2 

r c 



V2a 



-Cr^(l-[r/(2a)]^ 



1 



B = c' 
A 



\f2a ' 
1 



/c2 + Cr2cV2/fl - (1 - [r/(2fl)]2) rc^l + k/(2fl)]2 

Transformation between local direction y^'^ and coordinate direction y^^: 



3 _ ,,(3) 



/=3;(0)r + 3;(2)ArA, = 1 + [r/(2a)p, / = 3;(0)rC +3'P)ArB, y^y 
with the above abbreviations. 

2.10.2 Scaled cylindrical coordinates 

If we apply the simple transformation 



t r 
T = —, R=—, (j) = (p, 
re i-G 



with rg = 2a, we find a formulation for the metric scaling with rg, which is 



ds- = rl i -c^dT^ 



Christoffel symbols: 

T 2R 



dR^ 



l^j^i ' '^^('^ -R^)D(p^ +dZ^ -2V2cR-dTd(^j 



V2c 



TR 



l+R^' 



r% = V2cR{l+R'), 
r V2R' 

c(i+/;2)' 
r« =/?(i+/?2)(2/;2_i). 



R{1+R2)' 
R 



i+7;2' 
1 



'^'^ R{l+R^)' 



Riemann-Tensor; 

Rtrtr = 



R 



T(j>T(l> 



2ry 
l+/?2 

2.2 n2 



R 



TRR(I) 



2c'-rj^R\l+R^), R_ 



RipR^ 



2V2rlcR^ 
l+/?2 ' 

2rlR-{l+3R^) 



1+R^ 



Ricci-Tensor: 

Rtt = 4c2, Rt^ = 4V2cR-, R^^ 8/?^ 
Ricci and Kretschman scalar 

^ 2~' 4 • 



(2.10.9a) 
(2.10.9b) 



(2.10.10) 



(2.10.11) 
(2.10.12) 

(2.10.13a) 
(2.10.13b) 

(2.10.13c) 
(2.10.13d) 

(2.10.14a) 
(2.10.14b) 

(2.10.15) 
(2.10.16) 
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cosmological constant: 

R 



(2.10.17) 



Killing vectors: 

The Killing vectors read 



d 









V 1 J 



b 



1 



1 



'{l+2R^)cos(p 




2R 





1 



VT+R^ 



+R-)cos(p 
2^(l+27;2)sin9 




Local tetrad: 

After the transformation to scaled cylindrical coordinates, the local tetrad reads 



(2.10.18a) 



(2.10.18b) 



*=(0) 

where 

A = R^ 

r 



;(2) = — [AdT+Bd^], 6(3) = — olz, 
^ ' ro ^ ' ^ re 



-V2c+{l-R^)C 
1 



B = c^ + V2R^c^, 
1 



/c^- + 2V2R^c^-R\l-R^)C^' RcVT+R^ 
Transformation between local direction y'-'^ and coordinate direction y'^ : 



(2.10.19a) 

(2.10.20a) 
(2.10.20b) 



rc re 



'"G 



and the back transformation is given by 



(0) rcByO-Ay^ 



r B-CA ' 



VT+R^ 



r^y2_Cf 
AT B-^A 



(2.10.21) 



y(3)=rG/ (2.10.22a) 
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2.11 De-Sitter spacetime 

The de-Sitter spacetime describes a spherically symmetric spacetime that satisfies the Einstein 
field equations with A 7^ 0. For further reading see also [Tol34, sec. 142] 

2.11.1 Standard-Form 

The de-Sitter spacetime in its original form reads: 



ds^ = -[\--r^jc^dt^+[\--p-j dr^ + r^ {d^^ + sm{T}yd(p^) . (2.11.1) 
Christoffel symbols: 



_1 _ 1 p,- _ (Ar2-3)r .2.11.2) 

A 2 3 

r^,=cot(t>), r;. = rsin2(,J), r^.=-sin(z>)cos(t5). 



Riemann-Tensor: 

At 3 — Ar^ ,9 3 — Ar^ , , , , , 
^mr = -yc% = ^ c''Ar% /?„p„p = c-Ar'-smi^y 



(2.11.3a) 



Ar2 _Ar2sin(0)2 r'^sin2(e)A 

^riJrd " _^^2 4, 3 ' ^' VV - _t^y.l j_ 7 ' ^i>(ptf(p- ^ • (2.11.3b) 



Ricci-Tensor: 



Ar^ — 3 n 3A n o -( 

/?„ = — c^A, /?,.,. = ^-^, /?^^=Ar, /?^^ = r2sin2(iJ)A. (2.11.4) 

3 3— Ar^ 

The Ricci scalar and Kretschman scalar read: 

£g = 4-A, ,yif=\t^. (2.11.5) 

Local tetrad: 



3-Ar2 , /, Ar- 1 1 

c(o = 4, e(,) = y 1 - — <9,-, e(^) = -5tf, ^(f) = — (^^'P- 



Ricci rotation coefficients: 



Ar V9 - 3Ar2 cottJ 
y(0(r)(0 =- ^g_3^^2 ' 7(tf)W(^) = 7(,p)M(.|,) = , 7(.;,)(i>)(<p) = — • (2.11.7) 

The contractions of the Ricci rotation coefficients read 



V9-3Ar2(Ar2 - 2) cot . . „^ 

(A.2-3). ' ^(-)-^- (2.11.8) 

Riemann-Tensor with respect to local tetrad: 

-R(t){,r){t){r) = -R{t)mt)W -~'^{']i<pm'P) ^^irKvMM = = ^A. (2.11.9) 

Ricci-Tensor with respect to local tetrad: 

^^{t){t) = ^ir){r) = ^WW ^ ^{<P)i<P) = (2.11.10) 
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2.11.2 Lemaitre-Robinson 

The de-Sitter spacetime in the form found by Lemaitre and Robinson reads: 

ds^ = ~c^dt^+e^"' [dr^ + r^ {di^^ + sm{T})^d(p-)] . (2.11.11) 

with Hubble's Parameter H ~ \J which is assumed here to be time-independent. 

This a special case of the first and second form of the Friedman-Robertson- Walker metric defined 

in equations 2.13.2 and 2.13.12 with R{t) = e^' and k = Q. 

Christoffel symbols: 



r' 


= H, 


^ t& 


= H, 


^ f(p 




r' 






1 
r 


rip 

^ rip 


1 
r 


r' 




r'' 


= — r, 


pip 
^ dip 


= COt(lJ), 


r' 


9 ' 


r' 


= -rsin(!J)2, 


i (pep 


= — sin(!J)cos(i>) 



(2.11.12) 



Riemann-Tensor: 



r> _ ^2//frr2 n _ 2Ht 1 tt2 

J.Ht.2-„2i ~^ --9 - e r n 



R„p„p = -e'-"'r^sm-'{T})H^, Rr^ri> ^ ^2 ' (2.11.13) 



Ricci-Tensor: 

Rtt = —3H^, R,r = 3 2 — ' ^iJi> = 3 2 ' R(pip=3 3-^^ — - — . (2.11.14) 



l2 D 1 D 1 D 1 ^ ' 



The i?icci scalar and Kretschman scalar read: 

J^=^. (2.11.15) 

Local tetrad: 

1 _ff e-"' e-"' 

e(o = -<5r, e(r) = e '(5,-, e(^) = d^, e(„) = . d^. (2.11.16) 

Ricci rotation coefficients: 

H 



(2.11.17) 



7(r)(r)(r) = 7(tf)(0(>J) ^ 7(9)(r)(,p) - " 

1 _ cot(0) 

Ymrm - 7{<p){r)i>p) - 7((p)(i>)((p) - 

The contractions of the Ricci rotation coefficients read 

2 COt(0) 

r(r)=3-, 7(0 = ^.7(^) = ^7^- (2.11.18) 
Riemann-Tensor with respect to local tetrad: 

R{rm(r)w-R{rm{r)(<p) ~ Rwiipmiip) - 

Ricci-Tensor with respect to local tetrad: 

-R(t){t) = R(r){r) = = R{,p){,p) =3-^. (2.11.20) 



(2.11.19) 
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Lemaitre-Robinson in cartesian coordinates 

The Lemaitre and Robinson Form of de-Sitter space can also be expressed using cartesian coordi- 
nates: 

ds^ = -c^dr + e^"'{dx^ + dy^ + dz^} (2.11.21) 
The Christoffel symbols: 

^2H,fj ^2H,fj ^2H,fj (2.11.22) 

r = r — r — 

The Riemaim-Tensoi: 

Rtxtx = Rtxtx = Rtztz = —e^^'H^, 

^AH,fj2 (2.11.23) 

Rxyxx Rxz;kz, ^ R\z.vz ^ o ■ 

The Ricci-Tensor: 

g2Ht^2 

R„ = -3H^, R„ = Ryy = R- = 3 (2.11.24) 

The Ricci scalar and Kretschman scalar read: 

tt2 tt4 

^=12-5-, jr = 24^. (2.11.25) 
Local tetrad: 

e(,) = i^,, e^^'^i, e(^y-j=e'"'dy, ei^£^ ^ e'^' d.. (2.11.26) 
Ricci rotation coefficients: 

Y(x)(,)(x) = 7(v)(0(v) = 7(z)W(z) = -■ (2.11.27) 
The contractions of the Ricci rotation coefficients read 

7(0=3-. (2.11.28) 



Riemann-Tensor with respect to local tetrad: 

//2 



^(0 {x) {,) (x) = R{t){y) (t){y) = R{,) (z) (r) (z) 

c2 



R{x){y)(x){y) - R{x){z){x)(z) = R{y){z){y){z) = -J 



Ricci-Tensor with respect to local tetrad: 



2 



(2.11.29) 



H 

-R(t)(t) = R{x)(x) = R{y){y) = R{z}iz) =3-^- (2.11.30) 
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2.12 Kottler spacetime 

The Kottler (Schwarzschild-deSitter) spacetime is represented in spherical coordinates {t,r,-d,(p) 
by the line element 

^ - f 1 - ^ - ^] c^dt^ + T^-TTH^'-' + '■^d£l\ (2.12.1) 

where = 2GM/c~ is the Schwarzschild radius, G is Newton's constant, c is the speed of light, M 
is the mass of the black hole, and A is the cosmological constant. 
For the following, we define the two abbreviations 

a = l-'-l-^ and ^ = '-l-^Ar\ (2.12.2) 
r r r i 

Christoffel symbols: 

fi R 

(2.12.3a) 



tt 


2r ' 


r' - 


2m' 


r'' = 


2ra)' 




1 
r 


r<p _ 


1 

r ' 


r'" — 


-ar, 




= coi-d, 


r'' = 


— arsin^ tJ, 


= 


— sin cos 



Riemann-Tensor: 



Rrnr^ ^-1 Rr^i&^-c^ap, (2.12.4a) 

3H 2 



Weyl-Tensor: 



c^rs ^ c^arj ^ c^ars sin^iJ 

73 



Local tetrad: 



Dual tetrad: 



(2.12.3b) 
(2.12.3c) 



Rr,p,v = ^c^ap sin2 = - (2.12.4b) 

^r(|)r(j) = -^sin^iJ, R^,p^,p = rir, + — jsm^7^. (2.12.4c) 



Ricci-Tensor: 

R„ = -c^aA, Rm^-^r^, R^,p ^ Ar^ sin^ ^. (2.12.5) 

The Ricci scalar and the Kretschman scalar read 

SA^ 

^ = 4A, ^=124 + . (2.12.6) 

r° 3 



Qrtr — Qz^riJ — — i Qcptcp ~ z , (2.12.7a) 

2r 2r 



C,i>riJ = Cr<pr<p = — ' , C^^p^^p = rr, siu^ 1^ . (2.12.7b) 



tM = —^d,, e(r) = \/a<9,-, e(^) = -5^, e(c,) = ^ ^ d^- (2.12.8) 
* ' c\/a ' ^ ' r rsmv 



0('"' = 4^, 0'^^^=rdT}, 0('P' =rsiniJ£/(p. (2.12.9) 
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Ricci rotation coefficients: 



Ir-^/d f 
The contractions of the Ricci rotation coefficients read 

4r-3r,-2Ar3 cotlJ 
^('-) - 2.^7^ ' n.) = ^. (2.12.11) 

Riemann-Tensor with respect to local tetrad: 

^(OMMW = -^(>!»)(<p)(i»)(<p) = - ^'"3^3^'"' . (2.12.12a) 

3r — 2Ar^ 

^(0(tf)(o(i>) = ''^(')(i')(0(i') = -^[Amrrn = -^{r)mrm = — ■ (2.12.12b) 

Weyl-Tensor with respect to local tetrad: 

^{')ir){t)ir) = -Cw{,pm{,p) = (2.12.13a) 

Cmmm = ^rnvmiv) = ~^{r)mrm = -C{r){(p)(r)(,(,] = (2.12.13b) 

Further reading: 

Kottler[Kotl8], Weyl[Weyl9], Hackmann[HL08] 
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2.13 Friedmann-Robertson-Walker 

The Friedmann-Robertson-Walker metric describes a general homogeneous and isotropic uni- 
verse. In a general form it reads: 

ds^ = -c^dt^ + R^da^ (2.13.1) 

With R ^ R{t) being an arbitrary function of time only and da^ being a metric of a 3-space of 

constant curvature, for which three explicit forms will be described here. 

In all formulas in this section a dot denotes differentiation with respect to t, e.g. R = dR{t) jdt. 



2.13.1 Form 1 



£/s2 ^ -^c^dr + I -^^^ + T {d^^ + sm{T} fd(p^) I (2.13.2) 



Christoffel symbols: 



^ '^^ R' 

r' r>7 __kr]_ r'> - 1 

'"'~c2(l-fc772)' 1-^772' 'ni^~ri' 

7/ C 

r^^ = -sin(zJ)cos(iJ). 

Riemann-Tensor: 

RR T .. 

~ krj^ - 1 ' — — ^J?"^, 

^r.pr^ = --Rl?^sin2(l?)^, /?^tf^tf = c2(^\^2_i) ' (^.13.4) 

7^2 7^2 sjjj2(^<) (-^2 _^ ^^2^ ^2^4 sin2(^) (7j2 _^ ^^2\ 



Ricci-Tensor: 

_ _RR + 2{if- + kc^) 

^"~R' ^""^ c2(l-;t772) ' 

■,RR + 2(R^- + kc^) , , ,jRR + 2(R^ + kc^) 

The Ricci scalar and Kretschman scalar read: 



(2.13.5) 



RR + R^ + kc^ ^^ R^R^+R^ + 2R^kc^ + k^c^ 
^^^2 ' =^=12 . (2.13.6) 



Local tetrad: 



2(0 = -o*') ^(17) = E '^1' ^'5* = ^'^'!*' ^1' = ^:;7^ — ^^f- (2.13.7) 
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Ricci rotation coefficients: 



R 

COtlJ 



7(0)(r,)(->) = 7{<p](ri]{,p) 



Rri 



(2.13.8) 



7i<pmi<p) 



Rri 



The contractions of the Ricci rotation coefficients read 



3R 



cof& 



Rt] ^ ' Rri 

Riemann-Tensor with respect to local tetrad: 

ii 

R^ + kc^ 



(2.13.9) 



(2.13.10) 



Ricci-Tensor with respect to local tetrad: 



2.13.2 Form 2 



R^c^ 



RR + 2R'^ + 2kc^ 



R^c^ 



{dr + r^{d^^ + sin(iJ)2t/(p2)} 



(2.13.11) 



(2.13.12) 



Christoffel symbols: 



R 

R' 



R' 



R' 



r[, = 16 

r<p 



RR 



A-kr^ 



2kr 
4+1^' 
Rr^R 



<f<P 



{A + kr^-y 
cot(zJ), 

— sin('!5)cos(jJ). 



rl 



<p<p 



16 



Rr^s,\n{-&fR 
c2(4 + /tr2)2 ' 



A-kr^ 
[A + kr^y 
r{kr^ - A) 



rsin(i>)2(A:r2-4) 



(2.13.13) 



<P<P 



A + kP- 



Riemann-Tensor: 

Rtrtr = — 16 

Rt(j)t<p — — 16 

Rr(pr(p ~ 256 

Ricci-Tensor: 



RR 



{A + kr^f 
Rr^ sin- {t^)R 



{A + kr^y- ' 
R- sin- {^){R^ + kc^) 
cHA + kr^ 



Rt&t^ = —16 

Rr^r^ = 256 



Rr^R 

(4 + /tr2)2' 

/?2r2 ('7j2 + A;c2) 



R„ = -3-, 



7?,,. = 16 



'-{A + kr^Y ' 

7;2/sin(!J)2(/j2_|_;tc' 
^W = 256 ,2(4 + ^,2)4 



RR + 2{if- + kc^ 



Rm = 16r 



,RR + 2{R- + kc^) 
c2(4 + /tr2)2 ' 



/?,p,p = 16r2sin(TJ) 



c2(4 + /tr2)2 ' 

7;/j + 2(7j2 + fcc2) 



(2.13.15) 



^(4 + /tr2)2 



(2.13.14a) 
(2.13.14b) 
(2.13.14c) 
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The Ricci scalar and Kretschman scalar read: 



^ = 6 ^2^2 ' ^=12 ^4^4 . (2.13.16) 

Local tetrad: 

= -Of, = — dr, e^ = — di}, e^^-——d^. (2.13.17) 

^ ' c ■ ' R Rr Rrsmv 

Ricci rotation coefficients: 



R \r^-l 



The contractions of the Ricci rotation coefficients read 



^r2 + l)cotjJ 



(2.13.18) 



3R l-jr^ (|r2 + l)cott? 

Riemann-Tensor with respect to local tetrad: 



^(0(i?)W(i) -''^w('>)(')('>) -''^(0(<i>)(0('p) - 

^(T,)(^)(T,)(i>) -''^(77)(,>)(77)(,>) -''^(i))(,>)(i))(,p) - ^2^2 ■ 



(2.13.20) 



Ricci-Tensor with respect to local tetrad: 

RR + 2R^ + 2kc^ 

= = ''^('»)('») = ^(<P)i<P) ■ (2.13.21) 

2.13.3 Form 3 

The following forms of the metric are obtained from 2.13.2 by setting 77 = sin(i/A), i/A,sinh(v/) for 
k= 1,0,-1 respectively. 

Positive Curvature 

ds^ = -c^dt^ + R- {dxip- + sin( v/)^ {di»^ + sm{i»fd^'^) } (2.13.22) 
Christoffel symbols: 

i rv/ — ni ^ ri> - p> i f(p — 



R' "f R' 

RR 



^Vv=="^' r^^ = cot(v/), r^^ = cot(vA), 

r,, = ^^^y^ , r;^, = -sin(v/)cos(v/), r:^^ = cot(,j), 

^ /;sin(v/)^sin(z»)27; ^ = -sin(v.)cos(v/)sin(z?)2, = -sin(,?)cos(,J). 

(2.13.23) 
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Riemann-Tensor: 

Rt^tv = Rti}i» = -Rsm{\irfR, 

Rtcpttp = -R&in{\irysm {t})R, /^i/^v"? = ^2 ' (2.13.24) 

R^sin{\i/)^siir{&){R^ + c^) ^ R^ sm{\j/)'^ sin^ {&) {R^ + c^^ 

Ricci-Tensor: 

_ R _RR + 2{R- + c^) 

Rtt — ^3 — , Rww — 2 , 

R 

, ,jRR + 2(R^ + c^) , ,.yRR + 2(R^- + c^) 

=sin(v/)2 ^3 R^^ = sm{^)^ sm{\jf)^ ^2 ■ 

The Ricci scalar and Kretschman read 



Local tetrad: 



Ricci rotation coefficients: 



R cot V/ 

cote 

7(,p)(i>)(,p) = 



/Jsin 1/ 

The contractions of the Ricci rotation coefficients read 



(2.13.25) 



RR + R^ + c^ ^ J^R^+rU2RV+c^ /0 1q9^^ 

■^ = 6 ^2^2 ' ^=12 . (2.13.26) 



e(,)^-d,, e(^) = e^= \, „n ^tf, g(j> = „ ■ / \ ■ — ^d,p. (2.13.27) 



(2.13.28) 



3^ ^ cot w cot , ^ 

7(0 = ^, 7,) -2^, 7(^)-^- (2.13.29) 



(2.13.30) 



Riemann-Tensor with respect to local tetrad: 

ii 

Rituvmiif,) - Rii)(m)m - ^ioimm - ^j^^ 

_R^ + c^ 

^(v/)(d)(i/)(i>) -''^(i/)((p)(v/)(,p) -''^{ijjiipjc^jiip) - ^2^2 • 

Ricci-Tensor with respect to local tetrad: 

^R _ _ _RR + 2{R^ + c^) 
^WW ~~R^' ^ivKv) - - g2c2 ■ (2.13.31) 

Vanishing Curvature 

ds^ = -c^df+R^ {d\if^ + {di»^ + s,m{i»fd^^)] (2.13.32) 
The Christoffel symbols: 

R' R' R' 

r' - ^ pi> _ j_ rl' - — 

^W^— 2^^' r^^ = -V^sin(T>)2, r;^^ = -sin(T>)cos(z?). 



(2.13.33) 
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Riemann-Tensor: 



Rt\irt\i/ — RR, Rt&ts — —Rw^R, 



Rt^t<p = -RW f^^n WR, R^,^)^,i>^ — ^_ — , (2.13.34) 
_ R- v/^ sin- {&)R^ R^y/^ sin" {&)R^ 

R\li<p\lf<p — 2 ' Ri}<pi><p — 2 ■ 



Ricci-Tensor: 



R RR + 2R 



2 



Rtt — 3-, Rxiixi, — 

jRR + 2R^ , jRR + 2R^ 
R»ii = W 2 ' = sin(tJ)V 2 ■ 



The Ricci scalar and Kretschman read 



,RR + R^ _/j2/?2+7j4 



7m 



3R 2 

coi-d 



(2.13.35) 



^=12 „/, ■ (2.13.36) 



Local tetrad: 

Ricci rotation coefficients: 

R 1 

^ (2.13.38) 

The contractions of the Ricci rotation coefficients read 



(2.13.39) 



(2.13.40) 



Rxj/ 

Riemann-Tensor with respect to local tetrad: 

R 

^(O(v)W(v) = ^oimm = ^i'){<pmi<p) = --^^ 

R^ 

-''^(V)(<P)(V)('P) -''^('>)('P)('>)('P) - ^2^2- 

Ricci-Tensor with respect to local tetrad: 

3R RR + 2R^ 

^w(o = ^{¥){v) = ^mm - ^wiv) - ^2^2 ■ (2.13.41) 



Negative Curvature 

ds^ = -c^dt^ + R^ {dY^ + sinh( v/)2 {d^^ + sm{T} fd(p^) } 



(2.13.42) 
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Christoffel symbols: 

^Vv = = coth(v/), r^,p = coth(vA), 

^ RsmhiwfsmW^R ^ = -sinh(v/)cosh(v/)sin(t>)2, = -sin(t5)cos(t5). 



Ricci-Tensor: 

_RR + 2{R--c^) 

, ,jRR + 2(R^-c^) , , ,jRR + 2(R- -C-) 
= smh(v/)2 ^2 ^99 = sin(zJ)2sin(v/)^ ^-^ -. 

The Ricci scalar and Kretschman read 



Local tetrad 



Ricci rotation coefficients: 

/? coth 1//^ 

cote 

The contractions of the Ricci rotation coefficients read 



(2.13.43) 



Riemann-Tensor: 

Rt^,t^|/ = -Rii, Rt^,^ = -Rsmh{\jf)^R, 

Rt(pt<p = -Rsmh{\iffsm^{&)R, R^i^x^it = ^3 , (2.13.44) 

R^smh{\t/)^sm^{^){R^-c^) R^ sinhiY^ sin^ {^) {R- - c-) 

R\j/<p\fi<(i = 2 ' Ri}<pi><p = 2 ■ 



(2.13.45) 



RR+^-c^ ^ J^R^+R^-2RV+c^ 
■^ = 6 ^2^2 ' ^=12 ^4^4 . (2.13.46) 



(2.13.48) 



3^ ^cothv/ cotjJ 



(2.13.50) 



Riemann-Tensor with respect to local tetrad: 

R 

^(0(v)(0(v) -''^(0('>)(')(i>) -''^(0(<i>)(0{i') - 

_R^-c^ 

^(V/)(jJ)(v)(i>) -''^(JJ)(?>)(J>)(^>) - ^2^2 • 

Ricci-Tensor with respect to local tetrad: 

_ _RR + 2{R^~c^) 

^m)~--^' ^{v){v) - ^mm - gi^ ■ (2.13.51) 

Further reading: 

Rindler[Rin01] 
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2.14 Straight spinning string 

The metric of a straight spinning string in cylindrical coordinates {t,p,(p,z) reads[Per04] 

ds^ = - {cdt - ad(pf + dp^ + k^p^dcp"^ + dz^ , (2.14.1) 

where a and k are two parameters. 
Christoffel symbols: 

r' - — r*' r'' --k^o qi4 2^ 

Pf^ cp' '"''^p' 'P'P ^ y^.i'i.^) 

The Riemann-, Ricci-, and Weyl-tensors as well as the Ricci- and Kretschman-scalar vanish iden- 
tically. 

Static Local tetrad: 

6(0) = ^5,, 6(1) ^^p, ^{2) = ^(^^' + ^'l')' 6(3) = (2.14.3) 

Dual tetrad: 

e^^'> = cdt-ad(p, 0('^ = t/p, e^^'>^kpd(p, e^^'^^dz. (2.14.4) 

Ricci rotation coefficients and their contractions read 

7(2){i)(2) = ^, 7(0) = 7(2) = 7(3) = 0, 7(1) = ^- (2.14.5) 

Comoving local tetrad: 



e(2) = —r=^==d^, 6(3) d^. (2.14.6b) 



Dual tetrad: 



e"'>= cdt. e('^=dp, 0(2) = _|£|L= + ,Av^^<P, oi^^^dz. 



^k^p^-a^ v/A:2p2-fl2 



(2.14.7) 



Ricci rotation coefficients and their contractions read 

7(0)(1)(0) ^ p{k2p2__a2y 7(2)(1)(0) =^ 7(0)(2)(1) = 7(0)(1)(2) = ^2p2_a2 ' (2.14.8a) 

7(2)(i)(2) = ^2^^, (2.14.8b) 

7(1) = (2.14.8c) 
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2.15 Kasner 

The Kasner spacetime in cartesian coordinates {t,x,y,z) is represented by the line element[MTW73, 
Kas21] (c= 1) 

ds- = -dt^ + t^P'dx- +t^P^dy^ + t^PHz^, (2.15.1) 
where pi,P2iP3 have to fulfill the two conditions 

Pi+P2 + P3 = l and Pi + P2 +/'3 1 ■ (2.15.2) 
These two conditions can also be represented by the Khalatnikov-Lifshitz parameter u with 



U 1+M m(1+m) /oir-jN 

Pi=- , . . 2 ' P2 = . ^ _^ 2 ' = , . ,7 - (2.15.3) 



Christoffel symbols: 

r?. = ^, r;;. = ^, rf, = ^, (2.i5.4a) 

Olf^''! mt^P- D^t^P^ 

n, = ^, r;,v = ^, = (2.15.4b) 

Riemann-Tensor: 

«,„..^ '""-f'""" . «,,„^£i<l^, ""-f"'" . (2.153a) 

PlPlt^'^t^"' „ Pl/^3f''^'f'^^ „ P2/^3f'^^f'^^^ ^ , „ . 

"xyxy = , Kxzxz = : •«yzyz — p. ' (Z.it).^Dj 

The Ricci tensor as well as the Ricci scalar vanish identically. The Kretschman scalar reads 

jr=Up\- 2p\ + pt + pj- 2pl + pi + p\pI +pI- 2pI +pt + p\pI + pIpI) (2.15.6a) 



(2.15.6b) 



Local tetrad: 

6(0=4, e(,)=r'"5,, t(y)^t-P^dy, e^^^=t-P^d,. (2.15.7) 
Dual tetrad: 

e^'^=dt, e'^'^ =tP'dx, d^^^=tP^dy, 0^'^=tP^dz. (2.15.8) 
Ricci rotation coefficients: 

Pi _ P2 Pi /o 1 c o\ 

y{t)(r){r) - y(tmw " Y' y{t){<P){<P) - y- (^.i5.y) 

The contractions of the Ricci rotation coefficients read 

7(0 = (2.15.10) 

Riemann-Tensor with respect to local tetrad: 

P _ Pi(l-Pi) p _ P2(l-/^2) _ /^3(l-p3) n^^^^^\ 

«(0(x)(v)w- — ^2 — ' '^(t){ym(y)- — Y2 — ' '^(mm)^ — ^2 — ' (2.15.11a) 

%)WWW = ^2-' ^WW(A-)(z) = — 2-' %)W(y)W = ^2-- (2.15.11b) 



2.16. BERTOTTI-KASNER 
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2.16 Bertotti-Kasner 

The Bertotti-Kasner spacetime in spherical coordinates {t,r,-&,(p) is represented by the line element[Rin98] 

ds^ ^ ^c^dt^ + e^^''dr^ + ^ {d-&^ + sin^ ^d^^) . (2.16.1) 
Christoffel symbols: 

r,'-, = cVA, r;., = ^e2v/Acr^ r^^^cotzj, r^^ = -sin cost?. (2.I6.2) 

Riemann-Tensor: 



/?,^, = -AcV^'^S ;;^^^^ = !1^. (2.16.3) 
Ricci-Tensor: 

R„ = -Ac^, Rrr^Ae^-^", = /?,p^ = sin^ iJ. (2.16.4) 
The Ricci and Kretschman scalars read 

^^4A, X = %P^. (2.16.5) 



Weyl-Tensor: 



Grt, = -^AcV^'', = C,^,^ = -^e2^^', (2.16.6a) 

Cr^ri^ = ~\e'^^'\ C,^,<p = -ie2v^"sin2|J, Q^^^ = ^^^. (2.16.6b) 
Local tetrad: 

c ^ ' ^ ' sinj> 
Dual tetrad: 

0M=crff, eW^e^^Vr, 0W = ^^,J, e^'P^ = '^d(p. (2.16.8) 

Ricci rotation coefficients: 

7{0(,-){r) = VA, 7(^)(^)(^) = -VAcotzJ. (2.16.9) 
The contractions of the Ricci rotation coefficients read 

7(,) = - VA, 7(^) = VXcotT?. (2.16.10) 

Riemann-Tensor with respect to local tetrad: 

^(t)ir)(t){r) = -f^W(<p)W(<p) = (2.16.11) 

Ricci-Tensor with respect to local tetrad: 

^(0(0 ^ ^^(r)(r) = -~R{<p)(<p) = (2.16.12) 

Weyl-Tensor with respect to local tetrad: 

C(t)(r){t){r) = -C{^)((p){^)((p) = (2.16.13a) 

C{,)(6)it)(&] = C(r)(^))(r){^>) = ~C{r)mrm = = -. (2.16.13b) 



e(,) = -<3,, e(,) = e '^''5^, e(^) = VXa^,, e(^) = ^^(J^- (2.16.7) 
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